
Atomic, electronic, and ferroelectric properties of manganite RMnO3 (R=Ho,Er,Tm,Lu)
in hexagonal and orthorhombic phases

Chung-Yuan Ren*
Department of Physics, National Kaohsiung Normal University, Kaohsiung 824, Taiwan

�Received 24 November 2008; revised manuscript received 23 January 2009; published 23 March 2009�

Using first-principles calculations, we perform a systematic study of the energetic, atomic, electronic, and
ferroelectric properties of the late rare-earth manganites RMnO3 �R=Ho,Er,Tm,Lu� in both hexagonal and
orthorhombic structures. The hexagonal phase is confirmed to be energetically preferred over the orthorhombic
phase. The calculations show that the size of the band gap of the hexagonal manganites is improved when the
triangularly frustrated Mn magnetic moments are properly treated. As R approaches the end of the rare-earth
series, the polarization in the hexagonal phase increases whereas that in the orthorhombic phase remains
practically unchanged. We conclude that the driving force of ferroelectricity in the hexagonal phase is the
asymmetric movement of R ions from the centrosymmetric structure. On the other hand, the underlying E-type
ordering is the origin of the ferroelectricity observed in the orthorhombic phase. The interplay among the
ferroelectricity, magnetic ordering, and lattice structure for the two phases is also discussed in detail.
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I. INTRODUCTION

Rare-earth manganites RMnO3 prepared under ordinary
synthetic conditions crystallize in the orthorhombic perov-
skite structure �o-RMnO3� for R=La-Dy with large ionic ra-
dius �rion� and in the hexagonal structure �h-RMnO3� for R
=Ho-Lu with smaller rion. o-RMnO3 manganites show a rich
variety of subtle interplay among charge, spin, orbital, and
lattice degrees of freedom, for example, colossal magnetore-
sistance and charge ordering in hole-doped LaMnO3 �Ref. 1�
and the recent discovery of multiferroicity in TbMnO3 and
DbMnO3.2,3 For h-RMnO3, the localized Mn 3d4 configura-
tion in MnO5 bipyramids and the size effect of R ions are
responsible for stabilizing the hexagonal structure.4 How-
ever, by means of special soft-chemistry synthesis,5–7 apply-
ing pressure,4,8,9 or even epitaxial thin-film growth,10,11 the
hexagonal structure can be converted into the more dense,
albeit metastable orthorhombic phase. In recent years, these
late-R multiferroic compounds in both structural phases have
attracted increasing attention because of the unusual coexist-
ence of ferroelectric and magnetic orders, with potential ap-
plications in controlling electric polarization by external
magnetic fields.12

In the hexagonal structure, YMnO3 is the prototype of the
h-RMnO3 family. The manganites consist of closely packed
layers of MnO5 bipyramids with shared corners in the basal
plane. A cooperative tilting of the bipyramids below the Cu-
rie temperature TC displaces R ions along the c axis to render
the compounds ferroelectric.13 They also show an antiferro-
magnetic �AFM� order with the Mn moments aligned in a
noncollinear �NC� 120° structure within each basal
plane.14–17 However, the Néel temperature TN is rather low,
probably due to the geometrical frustration.16 Since TN
�TC�TC�600 K,TN�90 K�,18 the coupling between fer-
roelectricity and magnetism is expected to be indirect and
weak.19

Notably, a special AFM phase has been observed in
o-HoMnO3 with a commensurate “up-up-down-down” or-
dering in the MnO2 plane7 or the E-type in the Wollan-
Koehler standard notation. This magnetic configuration can

also be characterized by the zigzag chains of ferromagnetic
�FM� spins, antiferromagnetically coupled to neighboring
chains. It is somewhat surprising that the E-type phase was
predicted to be stable over a wide region of the phase
space.20,21 Moreover, both theoretical22,23 and
experimental9,24 works demonstrate the existence of sponta-
neous polarization triggered by such a magnetic configura-
tion with broken spatial inversion symmetry.

The most significant effect on the orthorhombic structure
by decreasing rion is to enhance the cooperative rotation of
the MnO6 octahedra. The resulting substantial bending of the
Mn-O-Mn angle will weaken the FM superexchange interac-
tions between nearest-neighbor Mn ions due to a reduction in
the transfer intensity of eg electrons. Therefore, the AFM
interactions between Mn ions from different zigzag chains
through the Mn-O-O-Mn �Refs. 8 and 25� or the Mn-O-Mn
path4,26,27 would need to be taken into account. Competition
between these components may be the origin of the magnetic
transition from the A type for the large rion to the E type for
the smaller one.

The crystal structure of h-RMnO3 has one major differ-
ence when compared to the orthorhombic phase: the Mn ion
is located at the center of a trigonal bipyramid instead of an
octahedron �Fig. 1�. The corresponding crystal field splits the
3d orbitals into two doublets e1g�yz /zx� and e2g�xy /x2−y2�
and one singlet a1g�3z2−r2� rather than one triplet
t2g�xy /yz /xz� and one doublet eg�3x2−y2 /y2−z2� under the
octahedral environment �Fig. 2�. Consequently, the Mn 3d4

configuration has no partially filled degenerate level and is
less Jahn-Teller �JT� active. Another difference is that the
MnO5 bipyramids in the hexagonal phase are linked in
sheets, contrary to the three-dimensional �3D� network of
MnO6 octahedra in perovskite manganites. The cooperative
rotations in the orthorhombic phase will force the octahedra
around two perpendicular axes to rotate in opposite direc-
tions and keep the global inversion symmetry retained,13 re-
gardless of the magnetic effect. In h-RMnO3, however, due
to the layered structure and the triangular symmetry, the
rotations break the inversion symmetry and establish ferro-
electricity.
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Model studies of multiferroic materials have provided two
basic pictures to concern the microscopic origin of electric
polarization. One of them is the spin-current model,28,29

which predicts that the polarization can be induced by a po-
lar charge distribution even if the ions are not displaced from
their centrosymmetric positions. The other is the “lattice
mechanism,” which involves magnetically induced ionic dis-
placements and is usually discussed in terms of
Dzyaloshinskii-Moriya interactions.30,31 However, experi-
ments are generally not sensitive enough to resolve the tiny
atomic displacement to distinguish the contributions from the
models. First-principles calculations appear to be another ap-
pealing alternative to address this issue since the electronic
structure and lattice distortion can be treated separately. Fur-
thermore, such a method32,33 reveals that both models based
on only nearest-neighbor spin interactions are inadequate to
describe the polarization in the spiral-spin structure.

Density-functional theory has been used to give an in-
structive description of h-YMnO3 and o-HoMnO3.13,23,34–38

The purpose of this work is devoted to a systematically com-
parative analysis of the atomic, electronic, and ferroelectric
properties of the late-R manganites �R=Ho, Er, Tm, and Lu�
in the two structural phases using first-principles calcula-
tions. We aim to study the interplay among the lattice, mag-
netism, and ferroelectricity. In addition to the energetic pref-
erence for the hexagonal phase, it was found that the total-
energy difference between the two phases increases as rion
decreases, reflecting the growing difficulty in converting
h-RMnO3 to the orthorhombic phase. The size of the band
gap for the hexagonal phase agrees better with experiments

when the noncollinearity of Mn magnetic moments is con-
sidered. In particular, the calculations reveal that the polar-
ization of h-RMnO3 increases as rion decreases whereas that
of o-RMnO3 remains basically unaltered.

This paper is arranged as follows. A brief review of the
relevant crystalline and magnetic structures is given in Sec.
II. In Sec. III, we describe the technical aspects of our first-
principles calculations. In Secs. IV A–IV C, we discuss the
evolution of the energetic, atomic, and electronic properties
of h- and o-RMnO3 by substituting R with the late lanthanide
elements. In Sec. IV D, we shall focus on the details of how
the lattice effect, magnetic order, and the change in rion in-
fluence the ferroelectricity of the studied systems. Finally,
the conclusion will be given in Sec. V.

II. CRYSTAL AND MAGNETIC STRUCTURE

Figure 1�a� illustrates the typical crystal structure for the
hexagonal phase. It consists of nonconnected layers of MnO5
trigonal bipyramids that are corner linked by planar oxygen
O1p and O2p. The apical oxygen O1a and O2a form two
closely packed layers separated by a layer of displaced R
ions. The R1�R2� is located above the O1p �O2p�. The Mn
ions are arranged in a two-dimensional triangular lattice,
with successive layers relatively shifted from each other. The
space group of h-RMnO3 in the ferroelectric phase is P63cm.
Compared to the high-temperature �HT� structure where all
ions are constrained to planes parallel to the ab plane, the
MnO5 bipyramids are rotated about an axis through the Mn
ion and parallel to the O1p-O1p interatomic bond accompa-
nied by a tripling of the paraelectric unit cell to 30 atoms per
unit cell. The resultant buckling moves the O1p up and the
O2p down along the c axis and leads to vertical shifts of R
ions away from the HT mirror plane.

As for the orthorhombic phase, it is easily seen in Fig.
1�b� that MnO6 octahedra are of 3D connectivity, in sharp
contrast to the bipyramid-layered structure in the hexagonal
phase. The conventional unit cell �space group Pbnm� con-
tains 4 f.u. The sizable mismatch of R-O and Mn-O bond
lengths in the Goldschmidt tolerance factor t
��R-O� / ��2�Mn-O���1 results in a significant cooperative
rotation of the octahedra, which increases with decreasing
rion. This leads not only to the following lattice-parameter
relation b�a�c /�2 but also to a bending of the Mn-O-Mn
angle. The orbital overlap integral over the Mn-O-Mn bond-
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FIG. 2. Schematic illustration of the splitting of the d-orbital
energies due to the �a� bipyramidal and �b� octahedral crystal fields.
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FIG. 1. �Color online� Crystal structure of �a� hexagonal and �b�
orthorhombic RMnO3. The large ball represents R ion and the small
ball is O anion.
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ing is therefore reduced. In addition, the Mn ion is JT active
�Fig. 2�b��. These phenomena have a profound influence on
the physical properties, e.g., biasing the cooperative orbital
and spin ordering4,26,27 and splitting the bond lengths at the
octahedral site.

Figure 3 shows the Mn magnetic configurations in the
basal plane for h- and o-HoMnO3. In the former case, the
moments order in a NC 120° structure coupled antiferromag-
netically to those in neighboring planes.16,17 As for the
E-type phase in the orthorhombic structure, the FM zigzag
chains are parallel to the a axis and have an AFM coupling
with neighboring chains.

III. COMPUTATIONAL DETAILS

The present calculations were based on the generalized
gradient approximation �GGA� �Ref. 39� to the exchange-
correlation energy functional of the density-functional
theory. The projector-augmented-wave potentials, as imple-
mented in VASP,40,41 were employed with Mn 3d4s, R
5p5d6s, and O 2s2p electrons treated as valence electrons.
The R 4f electrons in the potentials available so far were
kept core frozen. We skipped the R=Yb case due to the lack
of corresponding compatible potential. The plane-wave basis
set with an energy cutoff of 500 eV was used. The 5�5
�3 and 6�3�5 �-centered grids were taken to sample the
Brillouin zones of the hexagonal and orthorhombic super-
cells, respectively. We also performed the GGA+U
calculation42 with the commonly used values of U=8.0 eV

and J=0.88 eV,43 which will be discussed later. The lattice
parameters and atomic positions were relaxed until the total
energy changed by less than 10−5 eV per conventional cell
and the residual force was smaller than 0.01 eV /Å. The
electronic contribution to the polarization of the compounds
was obtained through the Berry phase using the modern
theory of polarization.44–46 The contribution was calculated
by integrating over 13 and 10 strings parallel to the c and a
axis �the polarization direction� for the hexagonal and ortho-
rhombic phases, with each string containing 3 and 5 k points,
respectively.

The NC calculations to simulate the triangularly frustrated
magnetic moments were performed according to Ref. 47.
The magnetic configuration of h-HoMnO3 in Fig. 3�a� was
adopted for the other three compounds. Under the triangular
arrangement, our calculations showed no significant differ-
ence in the electronic structures from several different test
orientations of the Mn moments. To our knowledge, the mag-
netic ordering of o-HoMnO3 �Ref. 7� and o-LuMnO3 �Ref.
48� at low temperatures �LTs� was confirmed to be the E
type. Although that of o-ErMnO3 was determined to be in-
commensurate with the propagation vector q= �0,0.433,0�,49

we examined the approximate structure of q��0,0.5,0� for
simplicity. Furthermore, based on Refs. 4, 8, and 26, the
magnetic structure of o-TmMnO3 was also assumed to be the
E type in the present study.

IV. RESULTS AND DISCUSSION

A. Energetics

We first focus on the energetics of h- and o-RMnO3. In
the former case, it has been reported38 that the electronic
property of h-YMnO3 depends significantly on the Mn mag-
netic structure. Therefore, we calculate the total energies of
h-RMnO3 in the simple A type and the so-called frustrated
A-type �frus_A�,38 i.e., turning one of every three Mn same
spins in the basal plane to the opposite direction. Addition-
ally, the NC alignment of Fig. 3�a� is calculated for compari-
son. For the orthorhombic phase, besides the AFM E type,
we also evaluate the AFM A-, C-, G-type, and FM cases. The
GGA calculations are summarized in Table I, where the FM
result is taken as a reference. It is clear that within the vari-
ous spin configurations of interest, the total energies of the
four h-RMnO3 manganites are all lower than those for the
corresponding orthorhombic phase, reflecting the preference
of the late-R compounds for the hexagonal structure. The
relative energetic favorability of the two structural phases is
apparently dominated by the R-ion size and the hexagonal
structure becomes more stable with smaller rion.

50 Moreover,
the total-energy difference between these two structures sub-
stantially increases as R moves toward the end of the series.
This implies the growing difficulty in converting h-RMnO3
to the orthorhombic phase as rion decreases.

Now, we discuss the results of each phase separately. Take
HoMnO3 as one example. In the hexagonal phase, the
frus_A type leads to a significant lowering of 51 meV/f.u. in
energy from the simple A type. With the realistic consider-
ation of the triangular NC configuration, the total energy is
further lowered by an amount of 6 meV/f.u. Similar trends
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FIG. 3. �Color online� Mn magnetic structure of �a� hexagonal
and �b� orthorhombic HoMnO3 in the ab plane, antiferromagneti-
cally coupled to the neighboring planes. Here, large balls denote
Mn ions. Arrows indicate the direction of the local magnetic
moment.
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are also observed in the other three manganites. Therefore,
the magnetic order in h-RMnO3 plays a crucial role in deter-
mining the energetics and the electronic structures, which
will become clear shortly. In the orthorhombic phase, the E
type indeed yields the lowest energy when compared to the
cases of the A-, C-, G-, and FM types. These results indicate
the importance of the AFM interactions through the Mn-O-
O-Mn �Refs. 8 and 25� or the Mn-O-Mn �Ref. 4 and 26� path
in predicting the correct ground state of o-RMnO3. For fur-
ther elaboration on the direction of the FM zigzag chains in
the E-type phase, we also performed the calculation with the
FM chains aligned along the b axis. The resultant total en-
ergy labeled E� in Table I is found to be higher than that with
the chains along the a axis. This is consistent with the fact
that the commensurate magnetic modulation is along the b
axis.7

B. Atomic structure

Since the total-energy calculations confirm that the mag-
netic ordering in the lowest-energy state is the NC 120°
structure for the hexagonal phase and the E type for the
orthorhombic phase, we shall focus on these two magnetic
configurations in the rest of this paper.

Tables II and III list the fully optimized lattice parameters
and the relevant bond lengths and bond angles for the hex-
agonal and orthorhombic phases, respectively. As can be
concluded from these tables, the evaluated lattice constants
are in good agreement with the experimental data4 �within
0.8%�.

For the hexagonal phase at LT, the lattice parameters de-
crease with decreasing rion. This reflects the ionic character
of R ions in h-RMnO3. In fact, the R-Oa bond lengths be-
come smaller as rion is decreased and they remain basically
unaltered from those of the HT phase. The decreasing lattice
constant in the basal plane with the decreasing rion is associ-

ated with the shrinkage of the Mn-Op bond lengths. How-
ever, the variation in rion has little effect on the Mn-Oa bond
lengths, in agreement with the experimental observations.51

Table II shows that the occurrence of the structural phase
transition from HT to LT is accompanied by shorter a and
longer c lattice constants. Interestingly, the buckling of
MnO5 bipyramids gives no substantial change in the Mn-O
bond lengths. Since there is little change in the R-Oa bond
lengths below TC, the buckling leads to vertical shifts of R
ions away from the HT mirror plane. As a result, in

TABLE I. The calculated total energies �meV/f.u.� of RMnO3

�R=Ho,Er,Tm,Lu� in various magnetic configurations: the A, frus-
trated A �frus_A� types �Ref. 38� and NC ordering in the hexagonal
phase, and the antiferromagnetic A, C, G, and E types and FM
ordering in the orthorhombic phase. The notation E� is explained in
the text. The energies presented here are relative to the FM case.

Phase Ho Er Tm Lu

Hexagonal

A −100 −132 −170 −221

frus_A −151 −188 −232 −293

NC −157 −194 −238 −300

Orthorhombic

FM 0 0 0 0

A −15 −16 −16 −14

C −3 −5 −8 −10

G −11 −14 −16 −17

E� −24 −25 −27 −28

E −29 −30 −32 −33

TABLE II. The calculated lattice parameters and bond lengths
�Å� of hexagonal RMnO3 �R=Ho,Er,Tm,Lu� in low- and high-
temperature phases.

Ho Er Tm Lu

Low temperature

a 6.126 6.100 6.069 6.024

c 11.501 11.481 11.453 11.417

R1-O1a 2.28 2.27 2.26 2.23

R1-O2a 2.31 2.30 2.29 2.28

R2-O1a 2.27 2.25 2.24 2.23

R2-O2a 2.32 2.31 2.29 2.27

R1-O1p 2.30 2.29 2.27 2.26

R2-O2p 2.42 2.41 2.39 2.38

Mn-O1a 1.89 1.89 1.89 1.89

Mn-O2a 1.88 1.88 1.89 1.89

Mn-O1p 2.06 2.06 2.05 2.03

Mn-O2p 2.05 2.04 2.04 2.02

High temperature

a���3� 6.187 6.154 6.118 6.060

c 11.342 11.347 11.354 11.363

R-Oa 2.27 2.26 2.25 2.23

R-Op 2.84 2.84 2.84 2.84

Mn-Oa 1.88 1.88 1.88 1.89

Mn-Op 2.06 2.05 2.04 2.02

TABLE III. The calculated lattice parameters �Å�, in-plane Mn-
O-Mn bond angles � °�, and Mn-O bond lengths �Å� of orthorhom-
bic RMnO3 �R=Ho,Er,Tm,Lu�. The bond angles and bond lengths
refer to those in Fig. 3�b� and are explained in the text.

Ho Er Tm Lu

a 5.259 5.244 5.222 5.195

b 5.882 5.865 5.840 5.800

c 7.359 7.343 7.323 7.305

� f 145.0 144.6 144.0 143.2

�af 141.7 141.3 140.7 139.9

dl,1 2.27 2.27 2.26 2.24

dl,2 2.21 2.20 2.19 2.17

ds,1 1.93 1.92 1.92 1.92

ds,2 1.93 1.92 1.91 1.91
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HoMnO3, two of every three Ho-Op bonds of 2.84 Å in the
HT phase are reduced to 2.30 Å and the third to 2.42 Å.
This asymmetry, as displayed in Fig. 4, will be shown later to
be closely related to the existence of ferroelectricity in
h-RMnO3.

For the orthorhombic structure, Table III indicates that the
lattice parameters evolve to smaller values as R approaches
the end of the series, which is consistent with the
experiment.4 It can be seen that the structure of o-RMnO3 is
highly distorted,37 with the in-plane Mn-O-Mn angle being
significantly smaller than the value of �155° in LaMnO3.

Next, we discuss the magnetic effect on the atomic struc-
ture. The backbone of the E-type phase could be viewed as
the sum of the A-type-like zigzag chains and the G-type-like
interchains. To have a better understanding of the structural
distortion caused by this magnetic order, we also investigate
the optimized results of the paraelectric A and G types for
comparison. For HoMnO3, it is found that the Mn-O-Mn
bond angle � f �143.8°� with parallel spins in the A type is
larger than the �af �142.4°� with antiparallel spins in the G
type, a direct consequence of the Hund’s coupling, and vir-
tual electron hopping.23 With the longest and shortest Mn-O
bond length denoted as dl and ds, respectively, our calcula-
tions also show that the dl �2.28 Å� of the G type is longer
than that �2.21 Å� of the A type, although the ds is almost
the same �1.93 and 1.91 Å�. However, when both types of
spin alignments are present in the AFM-E phase, the atomic
structure becomes more complicated as discussed below.

First, the � f is flatter but the �af is further distorted �refer
to Fig. 3�b��. Second, while the ds still remains unchanged
�1.92 Å�, there exist two kinds of long Mn-O bonds: the FM
dl,1 of 2.27 Å and the AFM dl,2 of 2.20 Å. Note that the dl,1
is longer than the dl,2, contrary to the expectations from the
A- and G-type cases. Furthermore, a close examination of the
optimized geometric structure reveals complicated atomic
displacements with respect to the centrosymmetric A type.52

The calculations confirm that such an E-type configuration
makes no significant displacement for all the ions along the c
axis.23 On the other hand, Fig. 5 indicates that along the b

direction Mn �in-plane Oaf� ions shift by an amount of
0.03 Å �0.02 Å� compensating each other. The magnitude
of the b component of Of displacements is found to be only
one third of that of Oaf. However, the a component of the
Mn �in-plane O� shift adds up to a net displacement of
+0.01 Å �−0.01 Å�. This result makes it clear that the � f
��af� becomes larger �smaller� in comparison with that of the
A�G� type. It is worthy to point out that while the displace-
ments of Ho �out-of-plane O� ions along the b direction
are again equally opposite to each other, the a component
shift is +0.005 Å �+0.01 Å�. These will be shown in Sec.
IV D to make an important contribution to the final ionic
polarization.
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FIG. 4. �Color online� Schematic view of hexagonal HoMnO3 in
the ferroelectric state, with arrows indicating atomic displacements
from the paraelectric structure.
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FIG. 5. �Color online� Atomic displacement of HoMnO3 in the
E-type phase with respect to the centrosymmetric A-type structure.
The Mn spin moments are the same as those of the left part of Fig.
3�b�.
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C. Electronic structures

Figure 6 depicts the orbital- and site-projected densities of
states of HoMnO3, where the valence-band maximum �Ev� is
set to zero. In the hexagonal phase, just below Ev is the
Mn dxy state hybridized with the Op p component. The low-
est unoccupied band is dominated by the Mn d�3z2−r2� and
Oa p states. The energy order of Mn d orbitals in Fig. 6�a�
results from the bipyramidal crystal field. When compared
with the experimental value53 of �1.7 eV, the electronic
structure of the frus_A type opens up an energy gap �Eg� of
0.53 eV from a marginal value of 0.05 eV in the A type. The
size of the gap is further increased to 0.75 eV in the more
realistic NC treatment. We found that the frus_A type pushes
the unoccupied Mn d�3z2−r2� state up to the higher-energy
region. In the NC case, while no significant difference was
found between the main valence electronic structure and that
of the frus_A type, the lowest unoccupied states are pushed
further up. The prominent increase of Eg from its near
gaplessness35 in the A type implies the crucial role of the
proper magnetic ordering in determining the electronic struc-
ture. It is interesting to note that the Eg of all the four com-

pounds studied here is about the same �the change
	0.01 eV� and similar to that of h-YMnO3.

In comparison with the hexagonal case, Fig. 6�b� clearly
demonstrates that the major valence-state region of
o-HoMnO3 extends to the lower-energy region. This could
be ascribed to the octahedron 3D network of the orthorhom-
bic structure. As expected, there exists a splitting of 0.49 eV
between the valence t2g and eg states owing to the octahedral
crystal-field effect. The JT distortion and the tilting of the
octahedra result in further splitting of eg states and opening a
gap of 0.54 eV. Nevertheless, unlike the hexagonal case, the
Eg of o-RMnO3 decreases slightly to 0.50 eV for the end
compound LuMnO3. Note that, even without including the
on-site Coulomb correlation U, the GGA scheme with the
appropriate magnetic ordering already makes both hexagonal
and orthorhombic phases insulating, an a priori property to
exhibit ferroelectricity.

D. Ferroelectricity

Now, we turn to discuss the ferroelectricity developed in
h- and o-RMnO3 manganites.

1. Hexagonal phase

As mentioned before, the R-Oa bond lengths remain es-
sentially unchanged despite the tilting of MnO5 bipyramids.
The R ions are forced to move vertically away from the HT
mirror plane. Furthermore, the displacements of the R1 and
R2 are considerably asymmetric. For example, Fig. 4 dem-
onstrates that there are two kinds of R-Op-R vertical chains:
Ho1-O1p-Ho1 and Ho2-O2p-Ho2. The segments Ho1-O1p of
2.30 Å and the neighboring O1p-Ho1 of 3.45
�11.50 /2–2.30� Å are alternatively connected along the
former chain, forming a “local” dipole moment. In the
Ho2-O2p-Ho2 chain, the successive atomic distances are
3.33 and 2.42 Å. This also gives rise to a dipole moment, yet
with both size and direction being different from those of the
Ho1-O1p-Ho1 chain. Consequently, a net polarization could
be established along the c axis. Although the individual local
moments are relatively significant, those from every two
Ho1-O1p-Ho1 chains are partially canceled by the antiparal-
lel moment due to one Ho2-O2p-Ho2 chain, yielding a small
resultant polarization. The total polarization of h-HoMnO3
was found to be 8.0 
C /cm2, comparable to the experimen-
tal value54 of 5.6 
C /cm2. This cancellation explains in part
why the polarizations of h-RMnO3 manganites are smaller
than those of conventional perovskite ferroics
��25 
C /cm2 in BaTiO3 and �75 
C /cm2 in PbTiO3
�Ref. 55��. Interestingly, Table IV shows a discernible trend
that the polarization tends to be larger as rion decreases. Ac-
cording to Ref. 51, the difference between the two atomic
distances in the R-Op-R segment is observed to increases
with decreasing rion. From the simple argument described
above, we indeed found that this difference increases as R
approaches the end of the series, leading to an increase of the
net dipole moment.51

Through group-theory analysis, it has been shown13,34 that
the atomic displacements of h-RMnO3 from the HT to LT
phase could be decomposed into two main modes. One is the
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FIG. 6. �Color online� Orbital- and site-projected density of
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abbreviation f.u. is for formula unit. Energy is relative to the
valence-band maximum.
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so-called K3 mode, which changes the symmetry but cannot
create a macroscopic ferroelectric moment. Namely, the tilt-
ing of MnO5 bipyramids causes a tripling of the paraelectric
unit cell and by symmetry does not lead to an overall polar-
ization. The other is the �1 mode, which does not change the
space-group symmetry but introduces the ferroelectricity.
The latter mode is the component that involves the asymmet-
ric displacements of R ions. To give a physical picture of
how these two modes affect the ferroelectricity, we perform
the polarization calculation by considering the following two
structures: one with the atomic positions of R ions in the HT
phase and those of MnO5 polyhedra in the LT phase �MM� to
mimic the K3 mode and the other structure �RR� with the
atomic positions of R ions and of MnO5 polyhedra in the LT
and HT phases, respectively, for the �1 mode. From Table
IV, it is clear that the resultant polarization of the MM struc-
ture is only about one third of the final polarization. A sig-
nificant part of the final polarization comes from the RR
structure, reflecting the important role of the asymmetry be-
tween R-Op and Op-R atomic distances in the ferroelectricity
of h-RMnO3.

At this stage, we attempt to probe the magnetic effect on
the polarization of HoMnO3 by comparing it with the non-
magnetic calculations. However, the GGA electronic struc-
tures of the LT phase without magnetism are found to be
metallic, with the lattice parameters and atomic positions be-
ing either fully relaxed or fixed as those obtained by the NC
calculations. Therefore, we resort to the GGA+U scheme in
this issue. In the presence of NC magnetism, the GGA+U
polarization is not significantly different from the GGA.
When the magnetism is turned off, the resultant polarization
is found to be 17.9 
C /cm2, almost twice the value of
8.1 
C /cm2 obtained with inclusion of the NC ordering.
The GGA+U scheme without magnetism worsens the
c-lattice parameter from 11.53 to 11.83 Å compared to the
experimental value4 of 11.41 Å. In addition, the partial can-
cellation of the local moments between two Ho1-O1p-Ho1
chains and one Ho2-O2p-Ho2 chain becomes smaller, giving

rise to a larger net polarization. We concluded that the mag-
netism in h-RMnO3 indirectly affects the final polarization
through the sizable change in the atomic structure. Unfortu-
nately, we cannot directly evaluate the contribution due to
magnetism to the total polarization by performing the non-
magnetic calculation with the atomic structure obtained by
the GGA+U scheme with the NC configuration since such a
situation resumes its metallic behavior.

2. Orthorhombic phase

To demonstrate the spontaneous polarization in the E-type
phase, we start with the Mn-O-Mn zigzag chain along the b
axis with the A-type ordering. In this situation, all Mn-O-Mn
segments are equivalent. Next, we replace the magnetic or-
dering by the E type, which is “up-up-down-down.” In order
to optimize the exchange interactions in the FM and AFM
segments, the zigzag chain will distort by transverse shifts of
O anions to modulate the Mn-O-Mn angles and, conse-
quently, modify exchange constants. According to the
Goodenough-Kanamori-Anderson rules, the strength change
in the FM and AFM exchanges will be opposite.56 This re-
quires the O to shift in the same direction, which breaks
spatial inversion symmetry and results in a net polarization
perpendicular to the chain.

In practical calculations, we choose the centrosymmetric
and insulating A-type structure as the reference structure. Let
us consider the HoMnO3 case again. Table IV shows that the
total polarization Ptot from the fully relaxed structure is
5.7 
C /cm2, which is about the same as the earlier
works.23,37 The electronic contribution Pele to this value is
found to be 5.0 
C /cm2. It is noted that a non-negligible
amount of 0.7 
C /cm2 due to the ionic dipole moment Pion
is also obtained. As mentioned in Sec. IV B, the E-type or-
dering leads to the off-center movements shown in Fig. 5.
The dipole moment from the displacements of Mn and in-
plane O is computed to be −2.1 
C /cm2. However, the op-
posite shifts of Ho and out-of-plane O along the a axis to-
gether reverse the direction of the dipole moment, yielding a
final ionic polarization of 0.7 
C /cm2 pointing in the posi-
tive a axis.

To elucidate the purely electronic effect owing to the
E-type configuration, we evaluate the polarization using the
optimized atomic positions of the A-type structure. Because
of the structural centrosymmetry, there is clearly no ionic
contribution. However, as seen from Table IV, the calculated
electronic part �denoted as Pele� � is 3.5 
C /cm2. This rela-
tively large contribution comes mainly from the asymmetric
electron distribution by the E-type ordering. An analysis of
the residual forces on the ions shows that the b component of
the forces on Mn and Oaf is as large as �0.2 eV /Å in mag-
nitude. Particularly, for each ion species the residual forces
along the a direction have the same sign and result in the net
shifts in Fig. 5. Thus, under the E-type configuration, the
electron wave function itself has lower symmetry than the
lattice and creates ferroelectricity. This electronic asymmetry
will further couple to the lattice and lead to lattice distortion.
Therefore, when keeping the atoms fixed at the centrosym-
metric positions, the E-type ordering will generate a purely
electronic polarization and will apply forces on the atoms.

TABLE IV. The calculated polarizations �
C /cm2� of hexago-
nal and orthorhombic RMnO3 �R=Ho,Er,Tm,Lu�. The notations
are explained in the text.

Ho Er Tm Lu

Hexagonal

MM 2.6 2.7 2.7 2.8

RR 5.7 5.8 5.9 6.0

total 8.0 8.1 8.3 8.5

Orthorhombic

Pion 0.7 0.8 0.7 0.7

Pele 5.0 5.0 5.0 5.2

Ptot 5.7 5.8 5.7 5.9

Pele� 3.5 3.5 3.6 3.8

Pion,GGA+U 0.2 0.2 0.2 0.2

Pele,GGA+U 1.4 1.4 1.4 1.4

Ptot,GGA+U 1.6 1.6 1.6 1.6
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These forces cause atomic displacements that will further
influence the wave function. Such a specular ordering itself
is the driving force of ferroelectricity in the orthorhombic
phase, as opposed to the hexagonal case where the polariza-
tion is due primarily to the geometrical asymmetry of the
atomic structure.

In Fig. 7, we plot the charge density of the occupied
Mn eg and O p states in the energy range between Ev
−0.7 eV and Ev. In addition to the staggered ordering of the
relevant eg orbitals, this figure clearly demonstrates that there
exists a strong asymmetry in the charge distribution between
the Mn-Of and Mn-Oaf bonds. Therefore, the asymmetric
electron distribution comes from a delicate combination of
the JT effect and the symmetry-breaking E-type magnetic
ordering.23

However, the GGA polarization is much higher than the
experimental value of P�2nC /cm2 measured in bulk poly-
crystalline HoMnO3 samples.9 This substantial discrepancy
is also observed in the cases of TbMn2O5 and HoMn2O5.57–59

Although the polarization measured in polycrystalline
samples tends to be underestimated and the role of R 4f
electrons might need to be taken into account9,24 in theoret-
ical investigation, very recent works59,60 have reported that
for TbMn2O5 and HoMn2O5, the ionic and electronic contri-
butions obtained within the GGA+U scheme are opposite in
sign and almost cancel each other out, yielding a predicted
total polarization in excellent agreement with the experi-
ment. We are motivated by this aspect to test whether or not
the inclusion of electron-electron correlation will drive a
similar decimation of the resultant polarization of HoMnO3.
As compared to the GGA results, the GGA+U calculations
show that both ionic Pion,GGA+U and electronic Pele,GGA+U
contributions are reduced from 0.7 and 5.0 
C /cm2 to 0.2
and 1.4 
C /cm2, respectively. The suppression of the off
centering in the atomic structure is expected since adding U
makes the wave functions more localized and the virtual
electrons hopping less favorable, rendering the electronic
system more “rigid” and less susceptible to perturbation.
However, even with U set as large as 8.0 eV, the remarkable
sign change of HoMn2O5 by the GGA+U cannot be ob-
tained here for HoMnO3. One possibility is the lack of the
existence of charge ordering in HoMnO3, which was used to
argue for a near cancellation of the ionic and electronic con-

tributions and effectively reduces the polarization of
HoMn2O5.59 Further theoretical and experimental works are
needed to clarify this discrepancy for HoMnO3.

Finally, unlike the hexagonal case, Table IV shows that
there is no significant change in the calculated polarizations
as rion varies. This also reflects that the ferroelectricity in the
orthorhombic phase is mainly due to the magnetism rather
than the lattice structure, which is sensitive to the rion. Al-
though we only discuss the origin of ferroelectricity in the
two structural phases of HoMnO3, similar conclusions can be
drawn for the other three compounds considered in the
present study.

V. CONCLUSIONS

In conclusion, we have performed a systematic study of
the energetic, atomic, electronic, and ferroelectric properties
of RMnO3 manganites �R=Ho, Er, Tm, and Lu� in both hex-
agonal and orthorhombic phases using first-principles calcu-
lations. We investigated the influence of the lattice, magnetic
order, and the rion change in the ferroelectricity of these sys-
tems. In addition to the energetic preference for the hexago-
nal phase, it was found that the total-energy difference be-
tween the two crystal structures increases as rion decreases,
reflecting the growing difficulty in converting the hexagonal
phase to the orthorhombic one. As compared to the case of
the previously considered frus_A type,38 the size of the band
gap for the hexagonal phase is improved when the 120° Mn
magnetic configuration is taken into account. We analyzed
the ferroelectricity through the evolution of the atomic struc-
ture. The calculations indicate that the polarization of
h-RMnO3 increases as rion decreases, while that of o-RMnO3
remains basically unaltered.

Our results show that the driving force of ferroelectricity
in h-RMnO3 is the off centering of R ions along the c axis
from the HT mirror plane. The role of magnetism in the
hexagonal phase was found to stabilize the crystalline struc-
ture and indirectly influence the polarization. On the other
hand, the underlying E-type magnetic ordering itself in the
orthorhombic phase already breaks the inversion symmetry
and is the main origin of the ferroelectricity observed. We
found that a major portion of the polarization comes from the
quantum-mechanical effect of the polarized electron orbitals,
with a relatively smaller contribution arising from the atomic
displacements. However, even with inclusion of the strong
Coulomb correlation U, the large discrepancy between
theory and experiment for the ferroelectricity of o-RMnO3
still persists.
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